The first gap for total curvatures of planar graphs with nonnegative
  curvature by Hua, Bobo & Su, Yanhui
THE FIRST GAP FOR TOTAL CURVATURES OF PLANAR
GRAPHS WITH NONNEGATIVE CURVATURE
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Abstract. We prove that the total curvature of a planar graph with
nonnegative combinatorial curvature is at least 1
12
if it is positive. More-
over, we classify the metric structures of ambient polygonal surfaces for
planar graphs attaining this bound.
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1. Introduction
The combinatorial curvature for planar graphs, which stands as the gen-
eralized Gaussian curvature of piecewise flat manifolds, was introduced by
many authors [Nev70, Sto76, Gro87, Ish90]. Many interesting geometric
and analytic results have been obtained since then, see e.g. [Z˙uk97, Woe98,
Hig01, BP01, HJL02, LPZ02, HS03, SY04, RBK05, BP06, DM07, CC08,
Zha08, Che09, Kel10, KP11, Kel11, Oh17].
Let G = (V,E, F ) be a semiplanar graph embedded into a surface S
(without boundary) with the set of vertices V, the set of edges E and the
set of faces F, see [HJL15] (It is called planar if S is either the 2-sphere or
the plane). We say that a semiplanar graph G is a tessellation of S if the
following hold, see e.g. [Kel11]:
(i) Every face is homeomorphic to a disk whose boundary consists of
finitely many edges of the graph.
(ii) Every edge is contained in exactly two different faces.
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(iii) For any two faces whose closures have non-empty intersection, the
intersection is either a vertex or an edge.
We always consider semiplanar graphs which are tessellations of surfaces.
For a semiplanar graph G, the combinatorial curvature at the vertex is
defined as
(1) Φ(x) = 1− deg(x)
2
+
∑
σ∈F :x∈σ
1
deg(σ)
, x ∈ V,
where the summation is taken over all faces σ whose closure σ contains x
and deg(·) denotes the degree of a vertex or a face, see Section 2. There
is a natural metric space associated to the semiplanar graph G embedded
into S, called the polygonal surface of G and denoted by S(G): Replace
each face of G by a regular Euclidean polygon of side length one with same
facial degree, glue these polygons along the common edges and consider the
induced metric on S. Note that S(G) is piecewise flat and hence one can
define the generalized Gaussian curvature K of S(G) which is concentrated
on the vertices. It is well-known that for any x ∈ V,
(2) Φ(x) =
1
2pi
K(x),
where K(x) is the generalized Gaussian curvature (or the angle defect) at x,
i.e. the difference of 2pi and the total angle at x in the metric space S(G),
see e.g. [Ale05]. In this paper, we only consider the combinatorial curvature
of semiplanar graphs and simply call it the curvature if it is clear in the
context.
For a smooth surface with absolutely integrable Gaussian curvature, its
total curvature encodes the global geometric information of the space, see
[SST03]. For a semiplanar graph G, we denote by
Φ(G) =
∑
x∈V
Φ(x)
the total curvature of G whenever the summation converges absolutely. In
case of finite graphs, the Gauss-Bonnet theorem reads as, see e.g. [DM07],
(3) Φ(G) = χ(S(G)),
where χ(·) denotes the Euler characteristic of a surface. For an infinite semi-
planar graph G, the Cohn-Vossen type theorem, see [DM07, Theorem 1.3]
or [CC08, Theorem 1.6], yields that
(4) Φ(G) ≤ χ(S(G)),
whenever
∑
x∈V min{Φ(x), 0} converges.
In this paper, we study total curvatures of semiplanar graphs with non-
negative combinatorial curvature. Note that a semiplanar graph G has non-
negative combinatorial curvature if and only if the polygonal surface S(G)
is a generalized convex surface, see [BGP92, BBI01, HJL15]. We denote by
PC≥0 the set of infinite semiplanar graphs with nonnegative combinatorial
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curvature. By the Cohn-Vossen type theorem, the inequality (4) yields that
0 ≤ Φ(G) ≤ 1, for any G ∈ PC≥0. Due to the discrete nature, Re´ti proposed
the following conjecture, see [HL16, Conjecture 2.1]:
τ1 := inf {Φ(G) : G ∈ PC≥0,Φ(G) > 0} = 1
6
and the minimum is attained by the graph consisting of a pentagon and
infinitely many hexagons. We call τ1 the first gap of the total curvature for
planar graphs with nonnegative curvature.
For a semiplanar graph G = (V,E, F ) with nonnegative combinatorial
curvature, we denote by
T (G) := {x ∈ V : Φ(x) 6= 0}
the set of vertices with non-vanishing curvature. Some crucial geometric
information is contained in the structure of T (G). Chen and Chen [CC08,
Che09] obtained an interesting result that the curvature vanishes outside
a finite subset of vertices in an infinite semiplanar graph with nonnegative
combinatorial curvature.
Theorem 1.1 (Theorem 1.4 in [CC08], Theorem 3.5 in [Che09]). For a
semiplanar graph G with nonnegative combinatorial curvature, T (G) is a
finite set.
In the previous paper [HS17], we determine all possible values of total
curvature of semiplanar graphs with nonnegative curvature.
Theorem 1.2 (Theorem 1.1 in [HS17]). The set of all values of total curva-
tures of infinite semiplanar graphs with nonnegative combinatorial curvature
is given by {
i
12
: 0 ≤ i ≤ 12, i ∈ Z
}
.
As a corollary, one immediately obtains τ1 =
1
12 which answers Re´ti’s
question. The proof of the theorem crucially uses Theorem 1.1 and the
Gauss-Bonnet theorem on compact subsets with boundary. However, it
leaves the structure of the graph G or the subset T (G) in a black box, that
is, we don’t know any further information of the structures of semiplanar
graphs attaining the first gap τ1 by Theorem 1.2.
In this paper, we adopt a different approach to study the first gap of the
total curvature and give the answer to Re´ti’s question independent of The-
orem 1.2, i.e. it does not use Theorem 1.1 and the Gauss-Bonnet theorem.
On one hand, we show that the total curvature in the class of PC≥0 is at
least 112 if it is positive. On the other hand, we construct several examples
whose total curvature are 112 , see Figure 1 and Figure 2 (see Section 4 for
more examples). For any figure in this paper, all vertices, edges or sides
with same labeling are identified with each other. The proof strategy is
straight-forward and involves tedious case studies, see Section 3: For a ver-
tex with non-vanishing curvature, if the curvature of the vertex is less than
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1
12 , then we try to find some nearby vertices with non-vanishing curvature
such that the sum of these curvatures is at least 112 and prove the results
case by case. This approach provides us more information of the structures
of semiplanar graphs attaining the first gap of the total curvature. In par-
ticular, we get the classification of metric structures for polygonal surfaces
of such semiplanar graphs.
a a
b
b
Figure 1. A graph with a single vertex of curvature 112 .
Theorem 1.3.
τ1 =
1
12
.
A semiplanar graph G with nonnegative curvature satisfies Φ(G) = 112 if and
only if the polygonal surface S(G) is isometric to either
(a) a cone with the apex angle θ = 2 arcsin 1112 , or
(b) a “frustum” with a hendecagon base, see Figure 3.
Note that in case of (a) in the above theorem the graph has a single
vertex at the apex of the polygonal surface with the curvature 112 , see e.g.
Figure 1; In case of (b) it has eleven vertices, on the boundary of the base
of the polygonal surface, with the curvature 1132 for each, see e.g. Figure 2.
It is usually hard to classify the graph/tessellation structures even in the
class of planar tilings with vanishing curvature, see [GS97]. However, our
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Figure 2. A graph with eleven vertices (the vertices of the hen-
decagon) of curvature 1132 .
Figure 3. A “frustum” with a hendecagon base.
result indicates that semiplanar graphs attaining the first gap of the total
curvature have rigid metric structure for ambient polygonal surfaces.
In the last section, we include some applications of the main result. On
one hand, we prove that for an infinite semiplanar graph G with nonnegative
curvature, the induced subgraph on T (G) has at most 14 connected com-
ponents, see Corollary 5.1. An example with 12 connected components is
constructed in Figure 31. On the other hand, we obtain the first gap of the
total curvature for semiplanar graphs with boundary and with nonnegative
curvature is 112 , see [HS17, Theorem 5.5] for an alternative proof. For precise
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definitions and the terminology used, we refer to Subsection 5.2. Let G be a
semiplanar graph with boundary and with nonnegative curvature, and S(G)
the polygonal surface of G. Consider the doubling constructions of S(G) and
G, see e.g. [Per91, Section 5]. Let S˜(G) be the double of S(G), that is, S˜(G)
consists of two copies of S(G) glued along the boundaries via the identity
map restricted on ∂S(G). This induces the doubling graph of G, denoted
by G˜. By the definition of the curvature for semiplanar graphs with bound-
ary, one can show that G˜ has nonnegative curvature and Φ(G˜) = 2Φ(G).
This yields that the total curvature of G is an integral multiple of 124 by
Theorem 1.2, which suggests that the first gap for semiplanar graphs with
boundary could be 124 . However, using the rigidity of metric structures for
seimplanar graphs without boundary, Theorem 1.3, we can conclude that
Φ(G˜) 6= 112 and hence Φ(G) ≥ 112 by Theorem 1.2, see Corollary 5.5.
The paper is organized as follows: In next section, we recall some basics
on the combinatorial curvature for semiplanar graphs. Section 3 is devoted
to the proof of Theorem 1.3. In Section 4, we give some examples to show
the sharpness of Theorem 1.3. In the last section, we give some applications
of Theorem 1.3.
2. Preliminaries
Let G = (V,E, F ) be a semiplanar graph induced by an embedding of
a graph (V,E) into a (possibly un-orientable) surface S without boundary.
Any connected component of the complement of the embedding image of
the graph (V,E) into S is called a face. We only consider the appropri-
ate embedding such that G is a tessellation of S, see the definition in the
introduction.
We say that a vertex is incident to an edge (similarly, an edge is incident
to a face, or a vertex is incident to a face) if the former is a subset of the
closure of the latter. Two vertices are called neighbors if there is an edge
connecting them. We denote by deg(x) the number of neighbors of a vertex
x, and by deg(σ) the number of edges incident to a face σ (equivalently, the
number of vertices incident to σ). For a tessellation, we always assume that
3 ≤ deg(x) < ∞ and 3 ≤ deg(σ) < ∞ for any vertex x and face σ. Two
edges (two faces resp.) are called adjacent if there is a vertex (an edge resp.)
incident to both of them. The combinatorial distance between two vertices
x and y, denote by d(x, y), is defined as the minimal length of walks from x
to y, i.e. the minimal number n such that there is {xi}n−1i=1 ⊂ V satisfying
x ∼ x1 ∼ · · · ∼ xn−1 ∼ y. We denote by Br(x) := {y ∈ V : d(y, x) ≤ r},
r ≥ 0, the ball of radius r centered at the vertex x.
Given a semiplanar graph G = (V,E, F ) embedded into a surface S, it
associates with a unique metric space S(G), called the polygonal surface
defined in the introduction. The combinatorial curvature at a vertex is
defined to be proportional to the generalized Gaussian curvature on S(G),
see (2). In this paper, we study total curvatures of infinite semiplanar graphs
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Patterns Φ(x)
(3, 3, k) 3 ≤ k 1/6 + 1/k
(3, 4, k) 4 ≤ k 1/12 + 1/k
(3, 5, k) 5 ≤ k 1/30 + 1/k
(3, 6, k) 6 ≤ k 1/k
(3, 7, k) 7 ≤ k ≤ 41 1/k − 1/42
(3, 8, k) 8 ≤ k ≤ 23 1/k − 1/24
(3, 9, k) 9 ≤ k ≤ 17 1/k − 1/18
(3, 10, k) 10 ≤ k ≤ 14 1/k − 1/15
(3, 11, k) 11 ≤ k ≤ 13 1/k − 5/66
(4, 4, k) 4 ≤ k 1/k
(4, 5, k) 5 ≤ k ≤ 19 1/k − 1/20
(4, 6, k) 6 ≤ k ≤ 11 1/k − 1/12
(4, 7, k) 7 ≤ k ≤ 9 1/k − 3/28
(5, 5, k) 5 ≤ k ≤ 9 1/k − 1/10
(5, 6, k) 6 ≤ k ≤ 7 1/k − 2/15
(3, 3, 3, k) 3 ≤ k 1/k
(3, 3, 4, k) 4 ≤ k ≤ 11 1/k − 1/12
(3, 3, 5, k) 5 ≤ k ≤ 7 1/k − 2/15
(3, 4, 4, k) 4 ≤ k ≤ 5 1/k − 1/6
(3, 3, 3, 3, k) 3 ≤ k ≤ 5 1/k − 1/6
Table 1. The patterns of a vertex with positive curvature.
with nonnegative combinatorial curvature. For our purposes, it suffices to
consider those with positive total curvature (otherwise the total curvature
vanishes). By [HJL15, Theorem 3.10], these graphs are planar, namely, the
ambient spaces are homeomorphic to R2.
In a semiplanar graph, a pattern of a vertex x is defined as a vector
(deg(σ1),deg(σ2), · · · , deg(σN )), where N = deg(x), {σi}Ni=1 are the faces
which x is incident to, and deg(σ1) ≤ deg(σ2) ≤ · · · ≤ deg(σN ). For simplic-
ity, we always write
x = (deg(σ1),deg(σ2), · · · ,deg(σN ))
to indicate the pattern of the vertex x.
Table 1 is the list of all possible patterns of a vertex with positive cur-
vature (see [DM07, CC08]); Table 2 is the list of all possible patterns of a
vertex with vanishing curvature (see [GS97, CC08]).
The following lemma is useful in this paper, see [CC08, Lemma 2.5].
Lemma 2.1. If there is a face σ such that deg(σ) ≥ 43 and Φ(x) ≥ 0 for
any vertex x incident to σ, then∑
x
Φ(x) ≥ 1,
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(3, 7, 42), (3, 8, 24), (3, 9, 18), (3, 10, 15), (3, 12, 12),
(4, 5, 20), (4, 6, 12), (4, 8, 8), (5, 5, 10), (6, 6, 6),
(3, 3, 4, 12), (3, 3, 6, 6), (3, 4, 4, 6), (4, 4, 4, 4), (3, 3, 3, 3, 6),
(3, 3, 3, 4, 4), (3, 3, 3, 3, 3, 3).
Table 2. The patterns of a vertex with vanishing curvature.
where the summation is taken over all vertices x incident to σ.
In fact, for an infinite semiplanar graph G with nonnegative curvature if
there is a face whose degree is at least 43, then the graph has rather special
structure, see [HJL15, Theorem 2.10]. In particular, the total curvature
of G is equal to 1 and the polygonal surface S(G) is isometric to a half
flat-cylinder in R3.
3. Proof of Theorem 1.3
In this section, we give the proof of the Theorem 1.3. Let G = (V,E, F )
be an infinite planar graph with nonnegative curvature and positive total
curvature. The main strategy is to prove the results case by case: Pick a
vertex A with non-vanishing curvature and find many nearby vertices with
non-vanishing curvature such that the sum of their curvatures is at least 112 .
Proof of Theorem 1.3. By Lemma 2.1 and (4), or [HJL15, Theorem 2.10], it
suffices to consider the case that
deg(σ) ≤ 42, ∀ σ ∈ F.
For A ∈ V with Φ(A) 6= 0, we consider all possible patterns of A as follows
(other vertices are labelled as in Figures):
Case 1: A = (3, 3, k). In this case, Φ(A) = 16 +
1
k >
1
12 .
Case 2: A = (3, 4, k). In this case, Φ(A) = 112 +
1
k >
1
12 .
Case 3: A = (3, 5, k). In this case, Φ(A) = 130 +
1
k . If k ≤ 19, then
Φ(A) > 112 . So it suffices to consider k ≥ 20. We denote by B the
neighbor of A which is incident to the triangle and the k-gon, from
this case to Case 9 in the below. The possible pattern of B is (3, 5, k),
(3, 6, k), (3, 7, k), k ≤ 42, (3, 8, k), k ≤ 24, or (3, 3, 3, k).
• If B = (3, 5, k), then Φ(B) = 130+ 1k . For k ≤ 42, Φ(A)+Φ(B) >
1
12 .• If B = (3, 6, k), then the only nontrivial case is shown in Figure
4(a). In this case, Φ(B) = 1k . Since C = (3, 3, 5, 6), Φ(C) =
1
30
and k ≤ 42, we have Φ(A) + Φ(B) + Φ(C) > 112 .• If B = (3, 7, k), k ≤ 42, then the only nontrivial case is shown
in Figure 4(b). In this case Φ(B) = 1k − 142 , Φ(C) = 1105 . If
k ≤ 20, then Φ(A) + Φ(B) > 112 . If k > 20, then D has to be
(3, 5, k), Φ(D) = 130 +
1
k , which yields that Φ(A) + Φ(D) >
1
12 .
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A
B
C
k
6
5
3
3
3
(a)
A
B
C
D 3
5
3
3
7
k
(b)
A
B
C
5
3
8
k
(c)
A
B
C
3
33 5
3
k
D
(d)
Figure 4. Case 3.
• If B = (3, 8, k), k ≤ 24, see Figure 4(c), then Φ(C) > 112 which
implies that Φ(A) + Φ(C) > 112 .• If B = (3, 3, 3, k), then the only nontrivial case is shown in
Figure 4(d). In this case Φ(B) = 1k . If k ≤ 20, then Φ(A) +
Φ(B) > 112 . If k > 20, then the pattern of D has to be (3, 5, k)
and Φ(D) = 130 +
1
k . Hence Φ(A) + Φ(D) >
1
12 .
Case 4: A = (3, 6, k). In this case, Φ(A) = 1k . For k < 12, Φ(A) >
1
12 . For k = 12, we can construct a graph with total curvature
1
12 ,
see Figure 25, whose polygonal surface is isometric to a cone with
apex angle 2 arcsin 1112 . So we only need to consider k > 12. The
possible patterns of B are (3, 6, k), (3, 7, k), k ≤ 42, (3, 8, k), k ≤ 24,
(3, 9, k), k ≤ 18, (3, 10, k), k ≤ 15, (3, 11, k), k ≤ 13, and (3, 3, 3, k).
• If B = (3, 6, k), then the only nontrivial case is shown in Figure
5(a). In this case Φ(B) = 1k and Φ(C) = 0. By the fact k > 12,
the patterns of D and F are (3, 6, k), which yields that Φ(D) =
Φ(F ) = 1k . Hence Φ(A) + Φ(B) + Φ(D) + Φ(F ) =
4
k >
1
12 .• If B = (3, l, k) for l = 7, 8, 9, 10, 11, see Figure 5(b), then
Φ(C) = 1l >
1
12 . This yields Φ(A) + Φ(C) >
1
12 .• If B = (3, 3, 3, k), then the only nontrivial case is shown in
Figure 5(c). In this case Φ(B) = 1k . Since k > 12, D = (3, 6, k)
and Φ(D) = 1k . Obviously, if k ≤ 24, then we have Φ(A) +
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AB
C
D F
66
3
3
k
3 3
(a)
AB
C 6
3
k
l
(b)
AB
C
D
6
3
k
3
3
3 E
F
(c)
Figure 5. Case 4.
Φ(B) + Φ(D) > 112 . If k ≥ 25, then the nontrivial patterns of E
are (3, 6, k), (3, 7, k) and (3, 3, 3, k). If E = (3, 6, k) or (3, 3, 3, k),
then Φ(E) = 1k , thus Φ(A) + Φ(B) + Φ(D) + Φ(E) =
4
k >
1
12 .
If E = (3, 7, k), then F = (3, 6, 7), which implies Φ(F ) = 17 .
Hence Φ(A) + Φ(D) + Φ(F ) > 112 .
Case 5: A = (3, 7, k), 7 ≤ k ≤ 41. In this case, Φ(A) = 1k − 142 . If
k ≤ 9, then Φ(A) > 112 . So we only need to consider the case
k ≥ 10. The possible patterns of B are (3, 7, k), k ≤ 41, (3, 8, k), k ≤
24, (3, 9, k), k ≤ 18, (3, 10, k), k ≤ 15, (3, 11, k), k ≤ 13, (3, 3, 3, k),
(3, 3, 4, k), k ≤ 12, and (3, 12, 12).
• If B = (3, l, k) for l = 7, 8, 9, see Figure 6(a), then Φ(C) =
1
l − 142 > 112 . Hence Φ(A) + Φ(C) > 112 .
• If B = (3, 10, k) for k ≤ 15, see Figure 6(b), then Φ(B) = 1k− 115
and Φ(C) = 8105 . By k ≤ 15, Φ(A) + Φ(B) + Φ(C) > 112 .• If B = (3, 11, k) for k ≤ 13, see also Figure 6(b), then Φ(B) =
1
k− 566 and Φ(C) = 31462 . Since k ≤ 13, Φ(A)+Φ(B)+Φ(C) > 112 .
• If B = (3, 3, 3, k), see Figure 6(c), then Φ(B) = 1k . The possi-
ble patterns of C are (3, 3, 3, 7), (3, 3, 4, 7), and (3, 3, 5, 7). If
C = (3, 3, 3, 7) or (3, 3, 4, 7), then Φ(C) ≥ 584 . So Φ(A) +
Φ(B) + Φ(C) > 112 . If C = (3, 3, 5, 7), then Φ(C) =
1
105 .
THE FIRST GAP FOR TOTAL CURVATURES OF PLANAR GRAPHS 11
AB
C
3
k
7
l
(a)
AB
C
3
k
7
10,11
(b)
AB
C
3
k
7
3
3
3
5
D
E
G
F
(c)
AB
C
3
k
7
3
5
D
4
(d)
AB
C
3
k
7
4
3
3
(e)
AB
C
3
7
12
12
(f)
Figure 6. Case 5.
For k ≤ 20, Φ(A) + Φ(B) + Φ(C) > 112 . So we only con-
sider k ≥ 21. In this case, the pattern of D has to be (3, 7, k)
and Φ(D) = 1k − 142 . If k ≤ 24, then we have Φ(A) + Φ(B) +
Φ(C) + Φ(D) > 112 . If k > 24, then the curvatures of other
vertices on the k-polygon, except B,A and D, are at least
1
k − 142 . Furthermore, we consider the vertex E. The possible
patterns of E are (3, 3, 3, 5), (3, 3, 4, 5), (3, 3, 5, 5), (3, 3, 5, 6) and
(3, 3, 5, 7). If E = (3, 3, 3, 5), (3, 3, 4, 5), (3, 3, 5, 5) or (3, 3, 5, 6),
then Φ(E) ≥ 130 and
∑
x∈k-gon
Φ(x) + Φ(C) + Φ(E) > 112 , where
the summation is taken over the vertices x on the k-gon. If
E = (3, 3, 5, 7), then Φ(E) = 1105 (in this case, G is not a ver-
tex of the k-gon, otherwise G = (5, 7, k) which has negative
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curvature). This yields that min{Φ(F ),Φ(G)} ≥ 1105 . Hence
Φ(G) ≥ ∑
x∈k-gon
Φ(x) + Φ(C) + Φ(E) + Φ(F ) + Φ(G) > 112 .
• If B = (3, 3, 4, k) for k ≤ 12, then Φ(B) = 1k − 112 . There are
two subcases: The first one is shown in Figure 6(d). Note that
k ≤ 12, if C = (3, 3, 3, 7) or (3, 3, 4, 7), then Φ(A) + Φ(C) >
1
12 . So, the only nontrivial case is C = (3, 3, 5, 7) which yields
Φ(D) ≥ 130 and Φ(A) + Φ(B) + Φ(C) + Φ(D) > 112 ; The other
is depicted in Figure 6(e). This yields that Φ(C) = 584 by C =
(3, 3, 4, 7), and hence Φ(A) + Φ(C) > 112 .
• If B = (3, 12, 12), see Figure 6(f), then Φ(A) = 584 , Φ(B) = 0,
and Φ(C) = 584 , which yields that Φ(A) + Φ(C) >
1
12 .
Case 6: A = (3, 8, k) for 8 ≤ k ≤ 23. In this case, Φ(A) = 1k − 124 .
The possible patterns of B are (3, 8, k), k ≤ 23, (3, 9, k), k ≤ 18,
(3, 10, k), k ≤ 15, (3, 11, k), k ≤ 13, (3, 3, 3, k), (3, 3, 4, k), k ≤ 12,
and (3, 12, 12).
• If B = (3, 8, k) for k ≤ 23, see Figure 7(a), then Φ(C) = 112 and
Φ(A) + Φ(C) > 112 .
• If B = (3, 9, k) for k ≤ 18, see Figure 7(b), then Φ(B) = 1k − 118
and Φ(C) = 572 . Note that D = (3, 8, 9) and Φ(D) =
5
72 , which
yields that Φ(A) + Φ(B) + Φ(C) + Φ(D) > 112 .• If B = (3, 10, k) for k ≤ 15, see Figure 7(c), then Φ(B) =
1
k − 115 and Φ(C) = 7120 . For D = (3, 8, 10), Φ(D) = 7120 and
Φ(A) + Φ(B) + Φ(C) + Φ(D) > 112 .
• If B = (3, 11, k) for k ≤ 13, see Figure 7(d), then Φ(B) = 1k− 566
and Φ(C) = 13264 . Hence Φ(A) + Φ(B) + Φ(C) >
1
12 .
• If B = (3, 3, 3, k), see Figure 7(e), then Φ(B) = 1k . The only
nontrivial case for C is given by C = (3, 3, 4, 8), which yields
Φ(C) = 124 . Since k ≤ 23, Φ(A) + Φ(B) + Φ(C) > 112 .
• If B = (3, 3, 4, k) for k ≤ 12, then Φ(B) = 1k − 112 . There are
two subcases: The first one is shown in Figure 7(f). The only
nontrivial case is C = (3, 3, 4, 8), which implies Φ(C) = 124 . If
k < 12, then Φ(A) + Φ(B) + Φ(C) > 112 . If k = 12, note that
Φ(D) = 124 , which yields Φ(A)+Φ(C)+Φ(D) >
1
12 ; The second
case is depicted in Figure 7(g). Similarly, we also have the total
curvature Φ(G) > 112 .
• If B = (3, 12, 12), see Figure 7(h), then Φ(A) = 124 , Φ(B) = 0,
and Φ(C) = 124 . Since Φ(D) =
1
24 , Φ(A) + Φ(C) + Φ(D) >
1
12 .
Case 7: A = (3, 9, k), 9 ≤ k ≤ 17. In this case, Φ(A) = 1k − 118 .
The possible patterns of B are (3, 9, k), k ≤ 17, (3, 10, k), k ≤ 15,
(3, 11, k), k ≤ 13, (3, 3, 3, k), (3, 3, 4, k), k ≤ 12, (3, 9, 18) and (3, 12, 12).
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Figure 7. Case 6.
• If B = (3, 9, k) for k ≤ 17, see Figure 8(a), then Φ(C) = 118
and Φ(D) = 118 . This implies Φ(C) + Φ(D) =
2
k >
1
12 . Hence
Φ(A) + Φ(C) + Φ(D) > 112 .
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Figure 8. Case 7.
• If B = (3, 10, k) for k ≤ 15, see Figure 8(b), then Φ(C) =
2
45 and Φ(D) =
2
45 . This implies Φ(C) + Φ(D) >
1
12 . Hence
Φ(A) + Φ(C) + Φ(D) > 112 .
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• If B = (3, 11, k) for k ≤ 13, see Figure 8(c), then Φ(B) = 1k− 566 ,
Φ(C) = 7198 , and Φ(D) =
7
198 . Hence Φ(A) + Φ(B) + Φ(C) +
Φ(D) > 112 .
• If B = (3, 3, 3, k) for k ≤ 17, see Figure 8(d), then Φ(B) = 1k
and Φ(C) ≥ 136 . Hence Φ(A) + Φ(B) + Φ(C) > 112 .• If B = (3, 3, 4, k) for k ≤ 12, then we have two subcases: The
first one is shown in Figure 8(e). We have Φ(B) = 1k − 112 ,
Φ(C) ≥ 136 , and Φ(D) = 1k− 118 . By Φ(E) ≥ 1252 , Φ(A)+Φ(B)+
Φ(C) + Φ(D) + Φ(E) > 112 ; The second one is shown in Figure
8(f), where Φ(B) = 1k − 112 , Φ(C) = 136 , and Φ(D) = 1k − 118 .
Note that if Φ(E) 6= 0, then Φ(E) ≥ 1306 and if Φ(E) = 0, then
E = (3, 9, 18), which yields F = (3, 4, 18) and Φ(F ) = 536 . So we
always have Φ(E) + Φ(F ) ≥ 1306 , hence Φ(A) + Φ(B) + Φ(C) +
Φ(D) + Φ(E) + Φ(F ) > 112 .
• If B = (3, 9, 18), see Figure 8(g), then Φ(A) = 118 , Φ(B) = 0,
Φ(C) = 0, and Φ(D) = 118 . Hence Φ(A) + Φ(D) >
1
12 .
• If B = (3, 12, 12), see Figure 8(i), then Φ(A) = 136 , Φ(B) = 0,
and Φ(C) = Φ(D) = Φ(E) = 136 . This yields that Φ(A)+Φ(C)+
Φ(D) + Φ(E) > 112 .
Case 8: A = (3, 10, k) for 10 ≤ k ≤ 14. In this case, Φ(A) = 1k − 115 .
The possible patterns of B are (3, 10, k), k ≤ 14, (3, 11, k), k ≤ 13,
(3, 3, 3, k), (3, 3, 4, k), k ≤ 11, (3, 10, 15), (3, 12, 12) and (3, 3, 4, 12).
• If B = (3, 10, k) for k ≤ 14, see Figure 9(a), then Φ(B) = 1k− 115 ,
Φ(C) = 130 , Φ(D) =
1
30 , Φ(E) =
1
k − 115 , and Φ(F ) = 1k − 115 .
Since k ≤ 14, Φ(A)+Φ(B)+Φ(C)+Φ(D)+Φ(E)+Φ(F ) > 112 .
• If B = (3, 11, k) for k ≤ 13, see Figure 9(b), then Φ(B) = 1k− 566 ,
Φ(C) = 4165 , Φ(D) =
4
165 , Φ(E) =
1
k− 115 , and Φ(F ) = 1k− 566 . If
k ≤ 12, then Φ(A) + Φ(B) + Φ(C) + Φ(D) + Φ(E) + Φ(F ) > 112 .
For k = 13, since the curvature of any other vertex on the
tridecagon and hendecagon is at least 1858 and there are 16 such
vertices, Φ(G) ≥ Φ(A) + Φ(B) + Φ(C) + Φ(D) + Φ(E) + Φ(F ) +
16
858 >
1
12 .
• If B = (3, 3, 3, k) for k ≤ 14, see Figure 9(c), then Φ(B) = 1k
and Φ(C) ≥ 160 . Hence Φ(A) + Φ(B) + Φ(C) > 112 .• If B = (3, 3, 4, k), k ≤ 11, then we have two subcases: The
first one is shown in Figure 9(d). We have Φ(B) = 1k − 112 ,
Φ(C) ≥ 160 , Φ(D) = 1k − 115 , and Φ(E) ≥ 160 . Hence Φ(A) +
Φ(B) + Φ(C) + Φ(D) + Φ(E) > 112 . The other is depicted in
Figure 9(e), in which Φ(B) = 1k − 112 , Φ(C) = 160 and Φ(D) =
1
k − 115 . Now, we consider the vertex E. The possible patterns
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Figure 9. Case 8: (a)-(e).
of E are (3, 10, l), 10 ≤ l ≤ 15, (3, 3, 3, 10) and (3, 3, 4, 10). If
E = (3, 10, l), l ≤ 12, (3, 3, 3, 10) or (3, 3, 4, 10), then Φ(E) ≥
1
60 and Φ(A) + Φ(B) + Φ(C) + Φ(D) + Φ(E) >
1
12 . If E =
(3, 10, l), 12 < l ≤ 15, then F = (3, 4, l) and Φ(F ) > 112 . Hence
Φ(A) + Φ(C) + Φ(F ) > 112 .
• If B = (3, 10, 15), see Figure 10(f), then Φ(A) = 130 , Φ(B) =
Φ(C) = 0, Φ(D) = 130 , E = (3, 10, 15) and Φ(E) = 0. We
consider the vertex G. The only nontrivial patterns for G
are (3, 10, 15) and (3, 3, 3, 15). If G = (3, 10, 15), then F =
(3, 10, 10) and Φ(F ) = 130 . Hence Φ(A) + Φ(D) + Φ(F ) >
1
12 . If
G = (3, 3, 3, 15), then Φ(G) = 115 which yields Φ(A) + Φ(D) +
Φ(G) > 112 .
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Figure 10. Case 8 (f)-(i).
• If B = (3, 12, 12), see Figure 10(g), then Φ(A) = 160 , Φ(B) = 0,
and Φ(C) = Φ(D) = Φ(E) = 160 . The possible patterns of G are
(3, 10, 12), (3, 11, 12), (3, 3, 3, 12), (3, 12, 12) and (3, 3, 4, 12). If
G = (3, 10, 12), then Φ(G) = 160 , F = (3, 10, 10) and Φ(F ) =
1
30 ,
which yields that Φ(A) + Φ(C) + Φ(D) + Φ(E) + Φ(F ) > 112 .
If G = (3, 11, 12), then F = (3, 10, 11) and Φ(F ) = 4165 . Hence
Φ(A) + Φ(C) + Φ(D) + Φ(E) + Φ(F ) > 112 . If G = (3, 3, 3, 12),
then Φ(G) = 112 , which implies Φ(A) + Φ(E) + Φ(G) >
1
12 . If
G = (3, 12, 12), then F = (3, 10, 12) and Φ(F ) = Φ(H) = 160 .
This yields Φ(A) + Φ(C) + Φ(D) + Φ(E) + Φ(F ) + Φ(H) > 112 .
If G = (3, 3, 4, 12), then the pattern of F is either (3, 3, 3, 10) or
(3, 3, 4, 10). The former case is trivial since Φ(F ) > 112 . So that
F = (3, 3, 4, 10) and Φ(F ) = 160 . Moreover, if Φ(H) = 0, that
is H = (3, 10, 15), then we have I = (3, 4, 15) and Φ(I) > 112 .
If Φ(H) 6= 0, then Φ(H) ≥ 1210 , which yields Φ(A) + Φ(C) +
Φ(D) + Φ(E) + Φ(F ) + Φ(H) > 112 . Note that in this subcase,
we have proven that
(5) Φ(F ) + Φ(G) + Φ(H) + Φ(I) ≥ 3
140
.
• If B = (3, 3, 4, 12), then we have two subcases: The first one
is shown in Figure 10(h). We have Φ(A) = 160 , Φ(B) = 0,
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Φ(C) ≥ 160 , Φ(D) = 160 and Φ(E) ≥ 160 . Similar to (5), we have
Φ(F )+Φ(G)+Φ(H)+Φ(I) ≥ 3140 . Hence Φ(A)+Φ(B)+Φ(C)+
Φ(D)+Φ(E)+Φ(F )+Φ(G)+Φ(H)+Φ(I) > 112 ; The other is de-
picted in Figure 10(i) where Φ(A) = 160 , Φ(B) = 0 and Φ(C) =
Φ(D) = 160 . Similar to (5), Φ(G) + Φ(H) + Φ(I) + Φ(J) ≥
3
140 . Now, we consider the vertex E. The possible patterns
of E are (3, 10, l), 10 ≤ l ≤ 15, (3, 3, 3, 10) and (3, 3, 4, 10). If
E = (3, 10, l), l ≤ 12, (3, 3, 3, 10) or (3, 3, 4, 10), then Φ(E) ≥ 160 .
Hence Φ(A)+Φ(C)+Φ(E)+Φ(D)+Φ(G)+Φ(H)+Φ(I)+Φ(J) >
1
12 . If E = (3, 10, l), 12 < l ≤ 15, then F = (3, 4, l), which yields
Φ(F ) > 112 . Hence Φ(A) + Φ(C) + Φ(F ) >
1
12 .
Case 9: A = (3, 11, k) for 11 ≤ k ≤ 13. In this case, Φ(A) = 1k −
5
66 . The possible patterns of B are (3, 11, k), (3, 3, 3, k), (3, 3, 4, 11),
(3, 12, 12) and (3, 3, 4, 12).
• If B = (3, 11, k) for 11 ≤ k ≤ 13, see Figure 11(a), then Φ(B) =
1
k − 566 , Φ(C) = Φ(D) = 166 , and Φ(E) = Φ(F ) = 1k − 566 . For
k = 11, Φ(A) + Φ(B) + Φ(C) + Φ(D) + Φ(E) + Φ(F ) > 112 . We
consider the case of k = 12. If none of the two hendecagons is
adjacent to a tridecagon, then the curvature of each vertex on
the two hendecagons is at least 1132 , which implies that Φ(G) ≥
(11 + 11 − 2) × 1132 = 112 + 344 > 112 . If at least one of the
hendecagons is adjacent a tridecagon, then both the vertices
on the two hendecagons, except A,B,C,D,E and F , and the
vertices on the tridecagon are of the curvature at least 1858 .
Since there are at least 7+7+13−4 = 23 such vertices, Φ(A)+
Φ(B) + Φ(C) + Φ(D) + Φ(E) + Φ(F ) + 23858 >
1
12 .
If k = 13, we consider the vertex G. The nontrivial patterns
of G are (3, 11, 13) and (3, 3, 3, 13). If G = (3, 11, 13), then
H = (3, 11, 11). Hence, Φ(G) + Φ(H) = 1858 +
1
66 =
7
429 . If G =
(3, 3, 3, 13), then we get Φ(G) = 112 >
7
429 . So in both cases, we
always have Φ(G) + Φ(H) ≥ 7429 . Similarly, Φ(I) + Φ(J) ≥ 7429 .
And the curvatures of other vertices (except A,B, · · · , J) of the
two hendecagons and the tridecagon are at least 1858 . Since there
are 6 + 6 + 7 = 19 such vertices, Φ(A) + Φ(B) + Φ(C) + Φ(D) +
Φ(E) + Φ(F ) + Φ(G) + Φ(H) + Φ(I) + Φ(J) + 19858 >
1
12 .• If B = (3, 3, 3, k) for 11 ≤ k ≤ 13, see Figure 11(b), then
Φ(B) = 1k and Φ(C) ≥ 1132 . Hence Φ(A) + Φ(B) + Φ(C) > 112 .• If B = (3, 3, 4, 11), then we have two subcases: The first one
is shown in Figure 11(c). We have Φ(A) = 166 , Φ(B) =
1
132
and Φ(D) = 166 . If C = (3, 3, 3, 11), then Φ(C) =
1
11 >
1
12 ,
which implies Φ(A) + Φ(C) > 112 . So we only need to consider
C = (3, 3, 4, 11). In that case, Φ(C) = 1132 , Φ(E) ≥ 1132 and
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Figure 11. Case 9.
Φ(F ) ≥ 1132 . If none of the two hendecagons is adjacent to
a tridecagon, then the curvatures of the vertices on the two
hendecagons, except A,B,C,D,E and F , are at least ≥ 1132 ,
which yields Φ(G) ≥ Φ(A) + Φ(B) + Φ(C) + Φ(D) + Φ(E) +
Φ(F ) + 14132 >
1
12 . If at least one of the hendecagons is adjacent
to a tridecagon, then the curvatures of the vertices on the two
hendecagons (except A,B,C,D,E, F ) and the tridecagon are
at least 1858 . Hence Φ(G) ≥ Φ(A) + Φ(B) + Φ(C) + Φ(D) +
Φ(E) + Φ(F ) + 23858 >
1
12 . This proves the first case; The second
one is shown in Figure 11(d). We have Φ(A) = 166 , Φ(B) =
1
132 ,
Φ(C) = 1132 and Φ(D) =
1
66 . If E = (3, 11, 13), then G =
(3, 4, 13), which implies Φ(G) = 25156 >
1
12 . Hence Φ(A)+Φ(B)+
Φ(G) > 112 . If E 6= (3, 11, 13), then Φ(E) ≥ 1132 . Similarly we
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have Φ(F ) ≥ 1132 . If none of the two hendecagons is adjacent
to a tridecagon, then the curvatures of the vertices on the two
hendecagons, except A,B,C,D,E and F , are at least 1132 , which
yields Φ(G) ≥ Φ(A)+Φ(B)+Φ(C)+Φ(D)+Φ(E)+Φ(F )+ 14132 >
1
12 . If at least one of the hendecagons is adjacent to a tridecagon,
then the curvatures of the vertices on the two hendecagons,
except A,B,C,D,E, F , and the vertices on the tridecagon are
at least 1858 . Hence Φ(G) ≥ Φ(A) + Φ(B) + Φ(C) + Φ(D) +
Φ(E) + Φ(F ) + 23858 >
1
12 .• If B = (3, 12, 12), see Figure 11(e), then we can construct a
graph with B = (3, 12, 12) and the total curvature 112 (see Fig-
ure 2). We need to prove that in other cases the total curvature
is no less than 112 . Note that Φ(A) =
1
132 , Φ(B) = 0 and
Φ(C) = Φ(D) = Φ(E) = 1132 . Since the pattern of F cannot be
(3, 11, 13) (otherwise, G would be (3, 12, 13) whose curvature
is negative), Φ(F ) ≥ 1132 . So the possible patterns of F are
(3, 11, l), 11 ≤ l ≤ 12, (3, 3, 3, 11) and (3, 3, 4, 11). For any case
of F , H cannot be adjacent to a tridecagon (otherwise, either
there exists a vertex with negative curvature or the sum of cur-
vature is greater than 112). So Φ(H) ≥ 1132 . It works similarly
for other vertices on the hendecagon, and we get the curvature
of each vertex of the hendecagon is at least 1132 . Hence the total
curvature is at least 112 and the total curvature is
1
12 if and only
if the curvature of each vertex of the hendecagon is 1132 and
other vertices have vanishing curvature.
• If B = (3, 3, 4, 12), then we can construct a graph with B =
(3, 3, 4, 12) and total curvature 112 (see also Figure 2). We only
need to show that in other cases the total curvature is at least
1
12 . The proof is similar to the above case with B = (3, 12, 12)
and is omitted here.
Case 10: A = (4, 4, k). In this case, Φ(A) = 1k . For k = 12, we can
construct a graph with total curvature 112 see Figure 27. So we only
need to consider k > 12. Denote by B and C the neighbors of A
incident to the k-gon. In this case, the possible patterns of B and C
are (4, 4, k) and (4, 5, k), k ≤ 20.
• If B = (4, 4, k), see Figure 12(a), then Φ(B) = 1k . Hence if
k ≤ 23, then Φ(A) + Φ(B) > 112 . If k ≥ 24, the pattern of C
has to be (4, 4, k). Hence Φ(C) = 1k . Similarly D = (4, 4, k) and
Φ(D) = 1k . So that Φ(A) + Φ(B) + Φ(C) + Φ(D) =
4
k >
1
12 by
k ≤ 42.
• If B = (4, 5, k) for k ≤ 20, see Figure 12(b), then Φ(B) = 1k− 120 .
If k ≤ 14, then Φ(A) + Φ(B) > 112 . So we consider k ≥ 15. If
C = (4, 4, k), then noting that k ≤ 20, we have Φ(A) + Φ(B) +
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Figure 12. Case 10.
Φ(C) > 112 . If C = (4, 5, k), then Φ(C) =
1
k − 120 . We con-
sider the vertex E. The possible patterns of E are (4, 4, l), (l ≥
12), (3, 3, 4, 4), (3, 4, 4, 4), (3, 4, 4, 5), (3, 4, 4, 6), (4, 4, 4, 4) and
(3, 3, 3, 4, 4). If E = (4, 4, l), (3, 3, 4, 4) or (3, 4, 4, 4), then by l ≤
20, Φ(E) ≥ 120 , which implies Φ(A)+Φ(B)+Φ(C)+Φ(E) > 112 .
If E = (3, 4, 4, 5), then Φ(E) = 130 and Φ(F ) (or Φ(G)) =
3
20 ,
which yields Φ(A) + Φ(B) + Φ(C) + Φ(E) + Φ(F ) + Φ(G) > 112 .
If E = (3, 4, 4, 6), (3, 3, 3, 4, 4), (4, 4, 4, 4), then Φ(E) = 0 and
Φ(F ) + Φ(G) ≥ 115 . Hence Φ(A) + Φ(B) + Φ(C) + Φ(E) +
Φ(F ) + Φ(G) > 112 .
Case 11: A = (4, 5, k) for 5 ≤ k ≤ 19. In this case, Φ(A) = 1k − 120 .
Since Φ(A) > 112 for k ≤ 7. We only need to consider k ≥ 8. We
denote by B the neighbor of A which is incident to the square and
the k-gon, from this case to Case 13. The possible patterns of B
are (4, 5, k), k ≤ 19 (4, 6, k), k ≤ 11 (4, 7, k), k ≤ 9, (3, 3, 4, k), k ≤ 11
(4, 6, 12), (4, 8, 8) and (3, 3, 4, 12).
• If B = (4, 5, k), see Figure 13(a), then Φ(B) = 1k− 120 . If k ≤ 10,
then Φ(A) + Φ(B) > 112 . It suffices to consider k > 10. The
possible pattern of C is (4, 5, k) which implies Φ(C) = 1k − 120 .
If k ≤ 12, then Φ(A) + Φ(B) + Φ(C) > 112 . For k > 12, the
nontrivial pattern of D is (4, 5, k) and Φ(D) = 1k − 120 . We
divide it into two subcases: If k is even, then each vertex of the
k-polygon, similar to the vertex D, has the curvature 1k − 120 ;
If k is odd, then there exists a vertex on the k-polygon with a
different pattern. However, the only nontrivial pattern except
(4, 5, k) is (3, 3, 3, k) (with the curvature 1k ). Hence for even k
(k ≤ 18), Φ(G) ≥ k × ( 1k − 120) > 112 ; For odd k (k ≤ 19),
Φ(G) ≥ (k − 1)× ( 1k − 120) + 1k > 112 .• If B = (4, 6, k) for 6 ≤ k ≤ 11, see Figure 13(b), then Φ(B) =
1
k − 112 . Note that if k ≤ 9, then Φ(A) + Φ(B) > 112 . So we only
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Figure 13. Case 11.
need to consider k ≥ 10. In this case, the possible pattern of C
is (4, 5, k) or (5, 5, 10). If C = (4, 5, k), then Φ(C) = 1k− 120 . This
yields Φ(A)+Φ(B)+Φ(C) > 112 . If C = (5, 5, 10), then Φ(A) =
1
20 , Φ(B) =
1
60 and Φ(C) = 0. The only nontrivial pattern
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for D is (4, 6, 10), which implies Φ(D) = 160 . Since Φ(E) 6= 0
(otherwise, F = (4, 6, 20) whose curvature is negative), Φ(E) ≥
1
380 . Hence Φ(A) + Φ(B) + Φ(D) + Φ(E) >
1
12 .• If B = (4, 7, k) for k = 8, 9, see Figure 13(c), then Φ(B) =
1
k − 328 . If k = 8, then Φ(A) + Φ(B) > 112 . We only need to
consider k = 9. The only nontrivial pattern of D is (4, 7, 9),
which implies Φ(D) = 1252 . And the nontrivial patterns of C
are (4, 5, 9) and (5, 5, 9). If C = (4, 5, 9), then Φ(C) = 11180 .
Hence Φ(A) + Φ(B) + Φ(C) + Φ(D) > 112 . If C = (5, 5, 9), then
Φ(C) = 190 and Φ(E) ≥ 190 , which yields Φ(A) + Φ(B) + Φ(C) +
Φ(D) + Φ(E) > 112 .• If B = (3, 3, 4, k) for 8 ≤ k ≤ 11, see Figure 13(d), then Φ(B) =
1
k − 112 . If k ≤ 9, then Φ(A) + Φ(B) > 112 . So we only need to
consider for k = 10, 11. In these cases, the possible patterns of
C are (4, 5, k) and (5, 5, 10). If C = (4, 5, k), then Φ(A)+Φ(B)+
Φ(C) > 112 . If C = (5, 5, 10), then Φ(A) =
1
20 , Φ(B) =
1
60 , and
Φ(C) = 0. Consider the vertex E. The possible patterns of
E are (4, 5, l), l ≤ 20, (3, 3, 4, 5) and (3, 4, 4, 5). If E = (4, 5, l)
then Φ(E) = 1l − 120 . For l < 15, Φ(A) + Φ(B) + Φ(E) >
1
12 . For l ≥ 15, G = (3, 4, l) which implies Φ(G) > 112 . Hence
Φ(A) + Φ(B) + Φ(G) > 112 . If E = (3, 3, 4, 5) or (3, 4, 4, 5), then
Φ(E) ≥ 130 . This yields Φ(A) + Φ(B) + Φ(E) > 112 .
• If B = (4, 6, 12), see Figure 13(e), then Φ(A) = 130 , and Φ(B) =
0. The nontrivial pattern of C is (4, 5, 12), which implies Φ(C) =
1
30 . Consider the vertex E. The possible patterns of E are
(4, 5, l), l ≤ 12, (3, 3, 4, 5) and (3, 4, 4, 5). In each case, we have
Φ(E) ≥ 130 . Hence Φ(A) + Φ(C) + Φ(E) > 112 .
• If B = (4, 8, 8), see Figure 13(f), then Φ(A) = 340 and Φ(B) = 0.
The nontrivial patterns of C are (4, 5, 8) and (5, 5, 8), which
implies Φ(C) ≥ 140 . Hence Φ(A) + Φ(C) > 112 .
• If B = (3, 3, 4, 12), see Figure 13(g), then Φ(A) = 130 and
Φ(B) = 0. The only nontrivial pattern of C is (4, 5, 12). Hence
Φ(C) = 130 . Consider the vertex E. The possible patterns of
E are (4, 5, l), l ≤ 20, (3, 3, 4, 5) and (3, 4, 4, 5). If E = (4, 5, l),
then Φ(E) = 1l − 120 . For l < 15, Φ(A) + Φ(C) + Φ(E) > 112 .
For 15 ≤ l < 20, G = (3, 4, l), which implies Φ(G) > 112 . Hence
Φ(A) + Φ(E) + Φ(G) > 112 . If l = 20, then Φ(E) = 0. The
nontrivial pattern of D is (4, 5, 20). So that H = (3, 4, 4, 5)
and Φ(H) = 130 , which yields Φ(A) + Φ(C) + Φ(H) >
1
12 . If
E = (3, 3, 4, 5) or (3, 4, 4, 5), then Φ(E) ≥ 130 . Hence Φ(A) +
Φ(B) + Φ(E) > 112 .
Case 12: A = (4, 6, k) for 6 ≤ k ≤ 11. In this case, Φ(A) = 1k − 112 .
Since for k = 6, 11 we can construct a graph with total curvature 112
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Figure 14. Case 12.
(see Figures 26 and 29), it suffices to prove that for A = (4, 6, k), 7 ≤
k ≤ 10, Φ(G) > 112 and for A = (4, 6, 11), Φ(G) ≥ 112 . The possible
patterns of B are (4, 6, k), k ≤ 11, (4, 7, k), k ≤ 9, (3, 3, 4, k), k ≤ 11
and (4, 8, 8).
• If B = (4, 6, k) for 7 ≤ k ≤ 11, see Figure 14(a), then Φ(B) =
1
k − 112 . For k = 7, Φ(A) + Φ(B) > 112 . And for k ≥ 8, the
only possible pattern of C or D is (4, 6, k). So that Φ(C) =
Φ(D) = 1k − 112 . Hence, for k ≤ 9, Φ(A) + Φ(B) + Φ(C) +
Φ(D) > 112 . For k = 10, 11, we consider vertices E,F . The
nontrivial possible patterns of E,F are (4, 6, k) and (3, 3, 4, k)
which implies Φ(E) = Φ(F ) = 1k − 112 . So for k = 10, Φ(A) +
Φ(B) + Φ(C) + Φ(D) + Φ(E) + Φ(F ) > 112 . For k = 11, i.e.
E = (4, 6, 11) or (3, 3, 4, 11), we may argue as in Case 9 with
B = (3, 12, 12) to conclude Φ(G) ≥ 112 .• If B = (4, 7, k) for 7 ≤ k ≤ 9, see Figure 14(b), then Φ(B) =
1
k − 328 . Since Φ(A)+Φ(B) > 112 for k = 7, it suffices to consider
the case k = 8, 9. Then the nontrivial pattern of C is (4, 6, k),
which implies Φ(C) = 1k − 112 ; The nontrivial pattern of D is
(4, 7, k), which implies Φ(D) = 1k− 328 . So that for k = 8, Φ(A)+
Φ(B) + Φ(C) + Φ(D) > 112 . For k = 9, we consider the vertex
E. The possible patterns of E are (4, 6, l), l ≤ 12, (3, 3, 4, 6)
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and (3, 4, 4, 6). If E = (4, 6, l), then F = (4, 7, l) (l ≤ 9). Hence
Φ(E) = 1l − 112 ≥ 136 . This yields Φ(A)+Φ(B)+Φ(C)+Φ(D)+
Φ(E) > 112 . If E = (3, 3, 4, 6), then Φ(A) + Φ(E) >
1
12 . For
E = (3, 4, 4, 6), F is either (4, 4, 7) or (3, 3, 4, 7), which implies
Φ(F ) ≥ 584 . So that Φ(A) + Φ(B) + Φ(C) + Φ(D) + Φ(F ) > 112 .• If B = (3, 3, 4, k) for 6 ≤ k ≤ 11, see Figure 14(c), then Φ(B) =
1
k − 112 . Since Φ(A) + Φ(B) > 112 for k ≤ 7, we consider 8 ≤ k ≤
11. For k ≥ 8, the pattern of C is (4, 6, k), which implies Φ(C) =
1
k− 112 . In this case, Φ(A)+Φ(B)+Φ(C) > 112 . For k = 9, noting
that Φ(D) ≥ 1252 , we have Φ(A)+Φ(B)+Φ(C)+Φ(D) > 112 . For
k = 10, the possible patterns of D are (4, 6, k) and (3, 3, 4, k),
which implies Φ(D) = 1k − 112 . Now we consider the vertex
E. The possible patterns of E are (3, 3, 3, 10), (3, 3, 4, 10) and
(3, 10, 15). If E = (3, 3, 3, 10), then Φ(A) + Φ(B) + Φ(E) > 112 .
If E = (3, 3, 4, 10), then Φ(E) ≥ 160 and Φ(F ) ≥ 1306 . Hence
Φ(A) + Φ(B) + Φ(C) + Φ(D) + Φ(E) + Φ(F ) > 112 .
If k = 11, we can construct a graph with total curvature = 112 ,
see Figure 29. So, we only need to prove that in this case the
total curvature is at least 112 . This can be obtained similarly as
in the Case 9 with B = (3, 12, 12).
• If B = (4, 8, 8), see Figure 14(d), then Φ(A) = 124 and Φ(B) =
0. Since the nontrivial pattern of C is (4, 6, 8), which implies
Φ(C) = 124 and Φ(A)+Φ(C) =
1
12 . We consider the vertex E. If
Φ(E) 6= 0, then Φ(E) ≥ 1132 , which yields Φ(A)+Φ(C)+Φ(E) >
1
12 . If Φ(E) = 0, then E = (3, 4, 4, 6), so that Φ(D) ≥ 124 and
Φ(A) + Φ(C) + Φ(D) > 112 .
Case 13: A = (4, 7, k) for 7 ≤ k ≤ 9. In this case, Φ(A) = 1k − 328 . The
possible patterns of B are (4, 7, k), (3, 3, 4, k) and (4, 8, 8).
• If B = (4, 7, k) for for 7 ≤ k ≤ 9, see Figure 15(a), then Φ(B) =
1
k − 328 . The only nontrivial pattern of C (or D) is (4, 7, k). So
that Φ(C) = 1k − 328 and Φ(D) = 1k − 328 . Since Φ(A) + Φ(B) +
Φ(C)+Φ(D) > 112 for k = 7. We consider the case of k = 8 or 9.
Consider the vertex E. The nontrivial patterns of E are (4, 7, l)
l ≤ 9, and (3, 3, 4, 7). If E = (3, 3, 4, 7), then F = (3, 3, 4, 7),
which yields Φ(A) + Φ(E) + Φ(F ) > 112 . If E = (4, 7, l), then
F = (4, 7, l), Φ(E) = Φ(F ) = 1l − 328 . Furthermore, the pattern
of G (or H) has to be (4, 7, l), which implies Φ(G) = Φ(H) =
1
l − 328 . For k = 8, by l ≤ 9 we have Φ(A) + Φ(B) + Φ(C) +
Φ(D) + Φ(E) + Φ(F ) + Φ(G) + Φ(H) > 112 . For k = 9, we
consider the vertex I. The possible patterns of I are (4, 7, 9)
and (3, 3, 4, 9). If I = (3, 3, 4, 9), then Φ(I) = 136 . So that the
possible patterns of J are (3, 3, 3, 9), (3, 3, 4, 9) and (3, 9, 18).
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Figure 15. Case 13.
If J = (3, 3, 3, 9) or (3, 3, 4, 9), then Φ(J) ≥ 136 , which yields
Φ(A) + Φ(B) + Φ(C) + Φ(D) + Φ(E) + Φ(F ) + Φ(G) + Φ(H) +
Φ(I)+Φ(J) > 112 . And, if J = (3, 9, 18), then Φ(K) ≥ 118 , which
yields Φ(A) + Φ(B) + Φ(C) + Φ(D) + Φ(E) + Φ(F ) + Φ(G) +
Φ(H) + Φ(I) + Φ(K) > 112 . If I = (4, 7, 9), then Φ(I) =
1
252 .
This implies J = (4, 7, 9) and Φ(J) = 1252 . Then we consider the
vertex L. For L = (3, 3, 4, 9), we get the desired result analogous
to the case for the vertex I. For L = (4, 7, 9), M = (4, 7, 9) and
Φ(M) = 1252 . And in this case N = (4, 4, 9) and Φ(N) =
1
9 >
1
12 .
Hence Φ(A) + Φ(B) + Φ(D) + Φ(I) + Φ(J) + Φ(N) > 112 .• If B = (3, 3, 4, k) for 7 ≤ k ≤ 9, see Figure 15(b), then Φ(B) =
1
k − 112 . Since Φ(A) + Φ(B) > 112 for k = 7, we only need to
consider for k = 8, 9. Since the pattern of C has to be (4, 7, k),
Φ(C) = 1k − 328 . The possible patterns of D are (3, 3, 3, k),
(3, 3, 4, k), (3, 8, 24), and (3, 9, 18). If D = (3, 3, 3, k), then
Φ(A)+Φ(B)+Φ(C)+Φ(D) > 112 . For either D = (3, 8, 24), k =
8 or D = (3, 9, 18), k = 9, the pattern of E is (3, 3, 3, 24) or
(3, 3, 3, 18), which yields Φ(A) + Φ(B) + Φ(C) + Φ(E) > 112 .
For D = (3, 3, 4, k), Φ(D) = 1k − 112 . Hence if k = 8, then
Φ(A) + Φ(B) + Φ(C) + Φ(D) > 112 . So that it suffices to con-
sider k = 9. In this case the possible patterns of F are (4, 7, 9)
and (3, 3, 4, 9). For F = (3, 3, 4, 9), Φ(F ) = 136 , which yields
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Figure 16. Case 14.
Φ(A) + Φ(B) + Φ(C) + Φ(D) + Φ(F ) > 112 . For F = (4, 7, 9),
Φ(F ) = 1252 . In this case G = (4, 7, 9) and Φ(G) =
1
252 . We can
consider the vertex H, similarly to F. The only nontrivial pat-
tern of H is (4, 7, 9), which implies Φ(H) = 1252 and Φ(I) =
1
252 .
This yields Φ(J) ≥ 136 . Hence Φ(A) + Φ(B) + Φ(C) + Φ(D) +
Φ(F ) + Φ(G) + Φ(H) + Φ(I) + Φ(J) > 112 .
• If B = (4, 8, 8), see Figure 15(c), then Φ(A) = 156 and Φ(B) = 0.
And the pattern of C has to be (4, 7, 8), which implies Φ(C) =
1
56 . The possible patterns of D are (4, 7, l) and (3, 3, 4, 7). For
D = (3, 3, 4, 7), Φ(D) = 584 , which yields Φ(A)+Φ(C)+Φ(D) >
1
12 . For D = (4, 7, l), we have l ≤ 8 (otherwise E has negative
curvature). If l = 7, then Φ(A) + Φ(C) + Φ(D) + Φ(E) >
1
12 . If l = 8, then Φ(D) =
1
56 , F = (4, 7, 8) and Φ(F ) =
1
56 .
Note that Φ(H),Φ(I) and Φ(G) are all at least 1252 , and at
least one of them has the curvature no less than 156 . So that
Φ(A) + Φ(C) + Φ(D) + Φ(F ) + Φ(G) + Φ(H) + Φ(I) > 112 .
Case 14: A = (5, 5, k) for 5 ≤ k ≤ 9. In this case, Φ(A) = 1k − 110 .
Hence for k = 5, Φ(A) = 112 +
1
60 >
1
12 . So we only need to consider
k ≥ 6. Denote by B and C the neighbors of A incident to the k-gon.
The possible patterns of B are (5, 5, k), (5, 6, k) and (3, 3, 5, k).
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• If B = (5, 5, k) for 6 ≤ k ≤ 9, see Figure 16(a), then Φ(B) =
1
k − 110 . For k ≤ 7, then Φ(A) + Φ(B) > 112 . For k = 8, 9,
then the only nontrivial pattern of C is (5, 5, k), which implies
Φ(C) = 1k − 110 . Similarly, the curvature of other vertices on the
k-polygon is equal to 1k − 110 , so that Φ(G) ≥ k( 1k − 110) > 112 .• If B = (5, 6, k) for k = 6, 7, see Figure 16(b), then Φ(B) =
1
k − 215 . Since Φ(A) + Φ(B) > 112 for k = 6, it suffices to
consider the case of k = 7. In this case, Φ(A) = 370 and Φ(B) =
1
105 . The only nontrivial pattern of D is (5, 6, 7), which implies
Φ(D) = 1105 . The nontrivial patterns of C are (5, 5, 7), (5, 6, 7)
and (3, 3, 5, 7). For C = (5, 5, 7), Φ(C) = 370 , which yields
Φ(A) + Φ(B) + Φ(C) > 112 . For C = (5, 6, 7), Φ(C) =
1
105 ,
and the pattern of E has to be (5, 6, 7), which implies Φ(E) =
1
105 . Noting that Φ(F ) ≥ 1105 , we have Φ(A) + Φ(B) + Φ(C) +
Φ(D) + Φ(E) + Φ(F ) > 112 . For C = (3, 3, 5, 7), Φ(C) =
1
105 ,
and the pattern of E is one of (3, 3, 3, 7), (3, 3, 4, 7), (3, 3, 5, 7)
and (3, 7, 42). If E = (3, 3, 3, 7), (3, 3, 4, 7), or (3, 3, 5, 7), then
Φ(E) ≥ 1105 . Hence Φ(A) + Φ(B) + Φ(C) + Φ(D) + Φ(E) +
Φ(F ) > 112 . If E = (3, 7, 42), then the nontrivial pattern of G
is (3, 3, 3, 42), which implies Φ(G) = 142 . Hence Φ(A) + Φ(B) +
Φ(C) + Φ(D) + Φ(G) > 112 .• If B = (3, 3, 5, k), for 6 ≤ k ≤ 7 see Figure 16(c), then Φ(B) =
1
k − 215 . Since Φ(A) + Φ(B) > 112 for k = 6, we only need
to consider the case of k = 7. In this case, Φ(A) = 370 and
Φ(B) = 1105 . The possible patterns of C are (5, 5, 7), (5, 6, 7)
and (3, 3, 5, 7). For C = (5, 5, 7), Φ(C) = 370 , which yields
Φ(A) + Φ(C) > 112 . For C = (5, 6, 7), this is just the above case
with the vertices B,C exchanged. For C = (3, 3, 5, 7), Φ(C) =
1
105 . The possible patterns of D and E are (3, 3, 3, 7), (3, 3, 4, 7),
(3, 3, 5, 7) and (3, 7, 42). If D = (3, 3, 3, 7) or (3, 3, 4, 7), then
Φ(D) ≥ 584 , which yields Φ(A) + Φ(B) + Φ(C) + Φ(D) > 112 .
If D = (3, 7, 42), then F = (3, 3, 3, 42) and Φ(F ) = 142 , which
yields Φ(A)+Φ(B)+Φ(C)+Φ(F ) > 112 . So the only nontrivial
pattern of D is (3, 3, 5, 7) and in this case Φ(D) = 1105 . Similarly
for the vertices E and G, Φ(E),Φ(G) = 1105 . Hence Φ(A) +
Φ(B) + Φ(C) + Φ(D) + Φ(E) + Φ(G) > 112 .
Case 15: A = (5, 6, k) for 6 ≤ k ≤ 7. In this case, Φ(A) = 1k − 215 .
Denote by B the neighbor of A which is incident to the pentagon and
the k-gon. The possible patterns of B are (5, 6, k) and (3, 3, 5, k).
• If B = (5, 6, k), for 6 ≤ k ≤ 7, see Figure 17(a), then Φ(B) =
1
k − 215 . We consider the vertex D. The possible patterns of
D (and E) are (5, 6, 6), (5, 6, 7) and (3, 3, 5, 6). If k = 6, then
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Figure 17. Case 15.
Φ(A) = Φ(B) = 130 and Φ(D),Φ(E) ≥ 1105 . Hence Φ(A) +
Φ(B) + Φ(D) + Φ(E) > 112 . If k = 7, then Φ(A) = Φ(B) =
1
105 .
And the pattern of G or C has to be (5, 6, 7), which implies
Φ(C) = Φ(G) = 1105 and Φ(H) ≥ 1105 . Note that at least one of
two vertices D and E is not of the pattern (5, 6, 7) (otherwise,
the vertex F has negative curvature). Hence Φ(D) + Φ(E) ≥
1
30 +
1
105 =
3
70 . So that Φ(A) + Φ(B) + Φ(C) + Φ(D) + Φ(E) +
Φ(G) + Φ(H) > 112 .• If B = (3, 3, 5, k), for 6 ≤ k ≤ 7, see Figure 17(b), then for k =
6, Φ(A) = 130 , Φ(B) =
1
30 and Φ(D),Φ(E) ≥ 1105 . Hence Φ(A)+
Φ(B) + Φ(D) + Φ(E) > 112 . For k = 7, Φ(A) = Φ(B) =
1
105 .
The pattern of C has to be (5, 6, 7), which implies Φ(C) = 1105 .
Note that Φ(F ),Φ(D),Φ(G) ≥ 1105 . The possible patterns of E
are (5, 6, 6), (5, 6, 7) and (3, 3, 5, 6). If E = (5, 6, 6) or (3, 3, 5, 6),
then Φ(E) = 130 , which yields Φ(A) + Φ(B) + Φ(C) + Φ(D) +
Φ(E) + Φ(F ) + Φ(G) > 112 . If E = (5, 6, 7), then H = (5, 6, 7)
and Φ(H) = 1105 . So that Φ(I) ≥ 1105 . Hence Φ(A) + Φ(B) +
Φ(C) + Φ(D) + Φ(E) + Φ(F ) + Φ(G) + Φ(H) + Φ(I) > 112 .
Case 16: A = (3, 3, 3, k). In this case, Φ(A) = 1k . For k < 12, Φ(A) >
1
12 . For k = 12, we can construct a graph with total curvature =
1
12 ,
see Figure 25. So we only need to consider k > 12. Denote by B and
C the neighbors of A incident to the k-gon. The possible patterns
of B are (3, 3, 3, k), (3, 7, 42), (3, 8, 24), (3, 9, 18) and (3, 10, 15).
• If B = (3, 3, 3, k), see Figure 18(a), then Φ(A) = Φ(B) = 1k . For
k < 24, then Φ(A)+Φ(B) > 112 . We consider the case of k = 24.
If Φ(C) = 0, then C = (3, 8, 24) and Φ(D) ≥ 124 . If Φ(C) 6= 0,
then Φ(C) ≥ 156 . Hence we always have Φ(C) + Φ(D) ≥ 156 . So
for k = 24 we have Φ(A)+Φ(B)+Φ(C)+Φ(D) > 112 . For 24 <
k < 42, the nontrivial pattern of other vertices on the k-gon is
(3, 3, 3, k). That is, the curvature of each vertex of the k-gon is
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Figure 18. Case 16.
equal to 1k , so that Φ(G) ≥ 1 > 112 . For k = 42, the possible
patterns of C are (3, 3, 3, 42) and (3, 7, 42). If C = (3, 7, 42),
then the possible patterns of D are (3, 3, 3, 7), (3, 3, 4, 7) and
(3, 3, 5, 7). If D = (3, 3, 3, 7) or (3, 3, 4, 7), then Φ(D) ≥ 584 .
Hence Φ(A) + Φ(B) + Φ(D) > 112 . If D = (3, 3, 5, 7), then
Φ(D) = 1105 and the possible patterns of E are (3, 3, 3, 5) and
(3, 3, 3, 3, 5), which implies Φ(E) ≥ 130 . Hence Φ(A) + Φ(B) +
Φ(D) + Φ(E) > 112 .
• If B = (3, 7, 42), see Figure 18(b), then Φ(A) = 142 and Φ(B) =
0. We consider the vertex C. The possible patterns of C are
(3, 7, 42) and (3, 3, 3, 42). For C = (3, 3, 3, 42), this is the same
case as above (with B,C exchanged). So we only need to con-
sider C = (3, 7, 42). In this case, the possible patterns of D
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and E are (3, 3, 3, 7), (3, 3, 4, 7) and (3, 3, 5, 7). However, if nei-
ther D or E is (3, 3, 5, 7), then Φ(A) + Φ(D) + Φ(E) > 112 .
So the only nontrivial pattern of D (or E) is (3, 3, 5, 7), which
implies Φ(D) = Φ(E) = 1105 . Note that F = (3, 3, 5, 7) and
G = (3, 3, 5, 7), which implies Φ(F ) = Φ(G) = 1105 . More-
over, the only nontrivial pattern of H is (3, 3, 5, 7), which yields
Φ(H) ≥ 1105 and Φ(I),Φ(J) ≥ 1105 . Hence Φ(A)+Φ(D)+Φ(E)+
Φ(F ) + Φ(G) + Φ(H) + Φ(I) + Φ(J) > 112 .
• If B = (3, 8, 24), see Figure 18(c), then Φ(A) = 124 and Φ(B) =
0. The pattern of D has to be (3, 3, 4, 8) (since if D = (3, 3, 3, 8),
then Φ(D) = 18 >
1
12 .), which implies Φ(D) =
1
24 . Moreover, it
is easy to see that Φ(C) + Φ(E) ≥ 124 . Hence Φ(A) + Φ(D) +
Φ(C) + Φ(E) > 112 .
• If B = (3, 9, 18), see Figure 18(d), then Φ(A) = 118 and Φ(B) =
0. The only nontrivial case is D = (3, 3, 4, 9), which implies
Φ(D) = 136 . Since Φ(E) ≥ 1252 , Φ(A) + Φ(D) + Φ(E) > 112 .
• If B = (3, 10, 15), see Figure 18(e) then Φ(A) = 115 ,Φ(B) =
0. The only nontrivial case is D = (3, 3, 4, 10), which implies
Φ(D) = 160 . Since Φ(E) ≥ 160 , Φ(A) + Φ(D) + Φ(E) > 112 .
Case 17: A = (3, 3, 4, k) for 4 ≤ k ≤ 11. In this case, Φ(A) = 1k − 112 .
So that Φ(A) > 112 for k = 4, 5 and Φ(A) =
1
12 for k = 6. Moreover,
we can construct graphs with total curvature 112 for k = 6, 11, see
Figures 26 and 28. So we shall prove that for 7 ≤ k ≤ 10, Φ(G) > 112
(or it is reduced to the previous cases), and for k = 11, Φ(G) ≥ 112 .
Denote by B a neighbor of A which is incident to a triangle and the
k-gon. The possible patterns of B are (3, 3, 4, k), (3, 3, 5, 7), (3, 7, 42),
(3, 8, 24), (3, 9, 18) and (3, 10, 15).
• If B = (3, 3, 4, k), for 7 ≤ k ≤ 11 see Figure 19(a-d), Φ(B) =
1
k − 112 . Since Φ(A) + Φ(B) > 112 for k = 7, we only need to
consider 8 ≤ k ≤ 11. So that the possible patterns of D are
(3, 3, 4, k), (3, 8, 24), (3, 9, 18), (3, 10, 15) and (4, 8, 8). If D =
(3, 8, 24), (3, 9, 18), (3, 10, 15) or (4, 8, 8), then k = 8, 9, 10 or 8,
respectively. However, for D = (3, 8, 24), (3, 9, 18) or (3, 10, 15),
Φ(E) 6= 0 and hence E is reduced to Cases 1-16 (with A = E
therein). For D = (4, 8, 8), it is easy to see that Φ(E)+Φ(F ) ≥
1
56 , which yields Φ(A) + Φ(B) + Φ(E) + Φ(F ) >
1
12 . So the only
nontrivial case is D = (3, 3, 4, k), which implies Φ(D) = 1k − 112 .
The curvatures of other vertices of the k-polygon are equal to
1
12 , and hence Φ(G) ≥ 1− k12 .• If B = (3, 3, 5, 7), then we have four subcases:
(1) The first case is shown in Figure 20(e), in which Φ(A) =
5
84 , Φ(B) =
1
105 and Φ(D) ≥ 1105 . The nontrivial patterns
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Figure 19. Case 17: (a)-(d).
of C are (3, 3, 4, 7), (3, 3, 5, 7) and (3, 7, 42). For C =
(3, 3, 4, 7), Φ(C) = 584 , which yields Φ(A) + Φ(C) >
1
12 .
For C = (3, 3, 5, 7), Φ(C) = 1105 , which implies Φ(A) +
Φ(B) + Φ(C) + Φ(D) > 112 . For C = (3, 7, 42), E =
(3, 4, 42), and hence Φ(A) + Φ(E) > 112 .
(2) The second case is shown in Figure 20(f), where Φ(A) =
5
84 and Φ(B) =
1
105 . Since D = (3, 3, 4, 5), Φ(A)+Φ(D) >
1
12 .
(3) The third case is shown in Figure 20(g), where Φ(A) =
5
84 and Φ(B) =
1
105 . The only nontrivial case is C =
(3, 3, 4, 7), which implies Φ(C) = 584 . Hence Φ(A) +
Φ(C) > 112 .
(4) The fourth case is shown in Figure 20 (h). The proof is
similar and hence omitted.
• If B = (3, 7, 42), then we have two subcases:
(1) The first case is shown in Figure 20(i). SinceD = (3, 4, 42),
Φ(A) + Φ(D) > 112 .
(2) The second case is shown in Figure 20(j). In this case,
Φ(A) = 584 . Since D = (3, 3, 3, 42), Φ(D) =
1
42 . Clearly,
Φ(E)+Φ(F ) ≥ 142 and Φ(A)+Φ(D)+Φ(E)+Φ(F ) > 112 .
The same arguments work for B = (3, 8, 24), (3, 9, 18) and
(3, 10, 15) and hence are omitted here.
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Figure 20. Case 17: (e)-(j).
Case 18: A = (3, 3, 5, k) for 5 ≤ k ≤ 7. In this case, Φ(A) = 1k − 215 .
Denote by B a neighbor of A which is incident to a triangle and
the k-gon. The possible patterns of B are (3, 3, 5, k), (3, 4, 4, 5),
(3, 3, 3, 3, 5), (3, 7, 42), (3, 3, 6, 6), (3, 4, 4, 6) and (3, 3, 3, 3, 6).
• If B = (3, 3, 5, k), then Φ(B) = 1k − 215 . Since Φ(A)+Φ(B) > 112
for k = 5, it suffices to consider k = 6, 7.
(1) The first case is shown in Figure 21 (a). The only non-
trivial case is D = (3, 3, 5, k), which implies Φ(D) =
1
k − 215 . Hence Φ(A) + Φ(B) + Φ(D) > 112 for k = 6.
So we only need to consider k = 7. In this case, we
consider the vertex E, the nontrivial patterns of E are
(3, 3, 5, 5), (3, 3, 5, 6) and (3, 3, 5, 7). For E = (3, 3, 5, 5),
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Figure 21. Case 18: (a)-(f).
Φ(E) = 115 , which yields Φ(A) + Φ(B) + Φ(D) + Φ(E) >
1
12 . For E = (3, 3, 5, 6), Φ(E) =
1
30 . Then the pat-
tern of F is (3, 3, 5, 6), which implies Φ(F ) = 130 . Hence
Φ(A) + Φ(B) + Φ(D) + Φ(E) + Φ(F ) > 112 . For E =
(3, 3, 5, 7), Φ(E) = Φ(F ) = Φ(G) = 1105 . Now we consider
the vertex C. The possible patterns of C are (3, 7, 42)
and (3, 3, 5, 7). If C = (3, 7, 42), then H = (3, 5, 42),
which yields Φ(A) + Φ(B) + Φ(D) + Φ(H) > 112 . Hence
the only nontrivial case is C = (3, 3, 5, 7), which implies
Φ(C) = 1105 . Similarly, the nontrivial pattern of I (or J) is
also (3, 3, 5, 7), which implies Φ(I) = Φ(J) = 1105 . Hence
Φ(A) + Φ(B) + Φ(C) + Φ(D) + Φ(E) + Φ(F ) + Φ(G) +
Φ(I) + Φ(J) > 112 .
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Figure 22. Case 18: (g)-(l).
(2) The second case is shown in Figure 21 (b). Since D =
(3, 3, 5, 5), we have Φ(D) = 115 , which yields Φ(A) +
Φ(B) + Φ(D) > 112 .
(3) The third case is shown in Figure 21 (c). Since the non-
trivial pattern of D is (3, 3, 5, k), Φ(D) = 1k − 215 . For
k = 6, Φ(A) + Φ(B) + Φ(D) > 112 . So we only need to
consider k = 7. In this case, C = (3, 3, 5, 7) and Φ(C) =
1
105 . Similar to the subcase (1), we consider the vertices
E,F,G sequently. The nontrivial pattern of E,F or G
is (3, 3, 5, 7), which implies Φ(E) = Φ(F ) = Φ(G) = 1105 .
Noting that Φ(H),Φ(I) ≥ 1105 , we have Φ(A) + Φ(B) +
Φ(C) + Φ(D) + Φ(E) + Φ(F ) + Φ(G) + Φ(H) + Φ(I) > 112 .
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(4) The fourth case is shown in Figure 21 (d). The proof is
similar to the above case, and hence is omitted.
• If B = (3, 4, 4, 5) or (3, 3, 3, 3, 5), then Φ(A) = 115 and Φ(B) =
1
30 , which yields Φ(A) + Φ(B) >
1
12 .• If B = (3, 7, 42), see Figure 21 (e, f), then in both cases, the
pattern of D is (3, 3, 42), (3, 5, 42) or (3, 3, 3, 42), and it reduces
to Case 1, Case 3 or Case 16, respectively (with A = D). So we
get the desired conclusion.
• If B = (3, 3, 6, 6), then there are four subcases. However the
proofs are similar, so we consider the following two typical cases:
Since their proofs are similar, we only consider the following
typical cases:
(1) The first case is shown in Figure 22(g) where Φ(A) = 130
and Φ(B) = 0. We consider the vertex D. For D =
(3, 3, 5, 5), Φ(D) = 115 , which yields Φ(A) + Φ(D) >
1
12 .
For D = (3, 3, 5, 6), Φ(D) = 130 and Φ(E) =
1
30 , which
yields Φ(A) + Φ(D) + Φ(E) > 112 . For D = (3, 3, 5, 7),
F = (3, 6, 7), and hence Φ(A) + Φ(D) + Φ(F ) > 112 .
(2) The second case is shown in Figure 22(h) where Φ(A) =
1
30 and Φ(B) = 0. Note that the pattern of C has to
be (3, 3, 5, 6), which implies Φ(C) = 130 . And it is obvi-
ous that Φ(D),Φ(E) ≥ 1105 , which yields Φ(A) + Φ(C) +
Φ(D) + Φ(E) > 112 .• If B = (3, 4, 4, 6), then we have two subcases:
(1) The first one is shown in Figure 22 (i) where Φ(A) = 130
and Φ(B) = 0. We consider the vertex D. The non-
trivial patterns of D are (3, 3, 4, 5) and (3, 4, 4, 5). For
D = (3, 3, 4, 5), Φ(A) + Φ(D) > 112 . For D = (3, 4, 4, 5),
Φ(D) = 130 . Then we consider the vertex E. If E =
(3, 3, 5, 5) or (3, 3, 5, 6), then Φ(E) ≥ 130 , which yields
Φ(A) + Φ(D) + Φ(E) > 112 . If E = (3, 3, 5, 7), then
Φ(E) = 1105 and Φ(F ) ≥ 1105 , which yields Φ(A)+Φ(D)+
Φ(E) + Φ(F ) > 112 .
(2) The other is shown in Figure 22 (j) where Φ(A) = 130 and
Φ(B) = 0. Note that the pattern C is (3, 3, 5, 6), which
implies Φ(C) = 130 . It is obvious that Φ(D),Φ(E) ≥ 1105 ,
and hence Φ(A) + Φ(C) + Φ(D) + Φ(E) > 112 .• If B = (3, 3, 3, 3, 6), then there exist the following two subcases:
(1) The first one is shown in Figure 22 (k) where Φ(A) = 130
and Φ(B) = 0. We consider the vertex D. The possi-
ble patterns of D are (3, 3, 5, 5), (3, 3, 5, 6), (3, 3, 5, 7) and
(3, 3, 3, 3, 5). For D = (3, 3, 5, 5), Φ(D) = 115 , which yields
Φ(A) + Φ(D) > 112 . For D = (3, 3, 5, 6), Φ(D) =
1
30 and
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Figure 23. Case 19.
Φ(E) ≥ 130 , which yields Φ(A) + Φ(D) + Φ(E) > 112 .
For D = (3, 3, 3, 3, 5), Φ(D) = 130 , Φ(E) ≥ 1105 and
Φ(G) ≥ 1105 . Hence Φ(A)+Φ(D)+Φ(E)+Φ(G) > 112 . For
D = (3, 3, 5, 7), the nontrivial pattern of F is (3, 3, 5, 7).
In this case, we can regard the vertex D as the vertex A
of Figure 21 (c,d,f) to get the desired result.
(2) The other is shown in Figure 22 (l) where Φ(A) = 130 and
Φ(B) = 0. Note that the nontrivial case is C = (3, 3, 5, 6),
which implies Φ(C) = 130 and Φ(D),Φ(E) ≥ 1105 . Hence
Φ(A) + Φ(C) + Φ(D) + Φ(E) > 112 .
Case 19: A = (3, 4, 4, k) for 4 ≤ k ≤ 5. For A = (3, 4, 4, 4), we can
construct a graph with total curvature 112 , see Figure 1. So we only
need to consider k = 5 which is divided into two subcases:
• The first case is shown in Figure 23(a,b). The possible patterns
of B are (3, 4, 4, 5) and (3, 3, 3, 3, 5).
If B = (3, 4, 4, 5), see Figure 23 (a), then Φ(A) = 130 and Φ(B) =
1
30 . The possible patterns of C are (3, 4, 4, 5) and (4, 5, 20). For
C = (3, 4, 4, 5), Φ(C) = 130 , which yields Φ(A)+Φ(B)+Φ(C) >
1
12 . For C = (4, 5, 20), D = (4, 5, 20) and E = (3, 4, 4, 5), which
implies Φ(E) = 130 . Hence Φ(A) + Φ(B) + Φ(E) >
1
12 .
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If B = (3, 3, 3, 3, 5), see Figure 23 (b), then Φ(A) = 130 , and
Φ(B) = 130 . Similar to the above case, considering the vertices
C,D and E, we can get the desired conclusion.
• The second case is shown in Figure 23 (c). The possible patterns
of B and C are (3, 4, 4, 5) and (4, 5, 20).
If the patterns of B and C are (3, 4, 4, 5), then Φ(A) = Φ(B) =
Φ(C) = 130 , which yields Φ(A) + Φ(B) + Φ(C) >
1
12 . If B =
(3, 4, 4, 5) and C = (4, 5, 20), then Φ(B) = 130 and the pattern
of D is (4, 5, 20). Hence the pattern of E has to be (3, 4, 4, 5)
and Φ(E) = 130 . Hence Φ(A) + Φ(B) + Φ(E) >
1
12 . If the
patterns of B and C are (4, 5, 20), then Φ(A) = 130 and Φ(B) =
Φ(C) = 0. The patterns of D and F are (4, 5, 20). Hence the
nontrivial patterns of E and G are (3, 4, 4, 5), which implies
Φ(E) = Φ(G) = 130 . Hence Φ(A) + Φ(E) + Φ(G) >
1
12 .
Case 20: A = (3, 3, 3, 3, k) for 3 ≤ k ≤ 5.
For k = 3, Φ(A) = 16 >
1
12 . For k = 4, we can construct a graph
with total curvature 112 , see Figure 26. So we only need to consider
k = 5. Denote by B and C neighbors of A incident to the pentagon.
The possible pattern of B is (3, 3, 3, 3, 5). In this case, Φ(A) = 130 and
Φ(B) = 130 . Similarly, the possible pattern of C is also (3, 3, 3, 3, 5),
which implies Φ(C) = 130 . Hence Φ(A) + Φ(B) + Φ(C) >
1
12 .
By combining all above cases, we prove the first part of the theorem.
In the above case-by-case proof, one can figure out that if the total cur-
vature of G attains the first gap of the total curvature, i.e. 112 , then the
polygonal surface S(G) has only two types of metric structures, (a) or (b),
as indicated in the Theorem 1.3. This proves the second (rigidity) part of
the theorem. 
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Figure 25. A graph in PC≥0 with total curvature 112 which
has a single vertex with non-vanishing curvature and of patterns
(3, 6, 12), (3, 3, 3, 12), (3, 3, 4, 6) and (3, 3, 3, 3, 4).
4. Examples
In this section, we construct some examples to show the sharpness of the
main result, Theorem 1.3, see Figures 25-29.
a a
b b
Figure 26. A graph in PC≥0 with total curvature 112 which has a
single vertex with non-vanishing curvature and of patterns (4, 6, 6),
(3, 3, 4, 6) and (3, 3, 3, 3, 4).
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12
Figure 27. A graph in PC≥0 with total curvature 112 which has a
single vertex with non-vanishing curvature and of patterns (4, 4, 12)
and (3, 4, 4, 4).
5. Applications
5.1. Connected components of induced graphs on T (G). Let G =
(V,E, F ) be an infinite semiplanar graph with nonnegative curvature and
T (G) be the set of vertices with non-vanishing curvature. We are interested
in the structure of T (G), which, as a induced subgraph, is usually not con-
nected. As a byproduct of the proof of Theorem 1.3, we give the upper
bound of the number of connected components for the induced subgraph on
T (G).
Corollary 5.1. For an infinite semiplanar graph G with nonnegative cur-
vature, the induced subgraph on T (G) has at most 14 connected components.
Proof. As in the proof of Theorem 1.3, starting from a vertex A ∈ T (G),
we find several nearby vertices in T (G) such that the sum of their curva-
tures is at least 112 . For any A ∈ T (G), we denote by CA the connected
component of the induced subgraph on T (G) which contains A, and by
Φ(CA) :=
∑
x∈CA Φ(x) the sum of the curvatures of vertices in CA. By
checking the proof of Theorem 1.3, we have the following:
(a) In a subcase of Case 8, see Figure 10(f), CA consists of only two vertices
of pattern (3, 10, 10) and Φ(CA) =
1
15 .
(b) In other cases, the vertices with non-vanishing curvature we found are
connected and hence Φ(CA) ≥ 112 .
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11
Figure 28. A graph in PC≥0 with total curvature 112 which has
eleven vertices (the vertices of the hendecagon) with non-vanishing
curvature and of pattern (3, 3, 4, 11).
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12 12
Figure 29. A graph in PC≥0 with total curvature 112 which has
eleven vertices (the vertices of the hendecagon) with non-vanishing
curvature and of patterns (4, 6, 11) and (3, 3, 4, 11).
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Figure 30. Proof of Corollary 5.1
This yields that Φ(CA) ≥ 115 for any A ∈ T (G). Since Φ(G) ≤ 1, we obtain
that the number of connected components of the induced subgraph on T (G)
is at most 15.
To prove the theorem, it suffices to exclude the case that the induced
subgraph on T (G) has 15 connected components. Suppose it is the case,
then each connected component of the induced subgraph on T (G) is in the
case (a) above. Let A and B be of pattern (3, 10, 10) as in Figure 30 such that
Φ(CA) =
1
15 . Then, one can show that the vertices C,D,E, F,G and H have
vanishing curvature. Hence the vertex I has non-vanishing curvature and
is of pattern (3, 10, 10). This yields that the pattern of J is also (3, 10, 10).
Similar argument works for K and L. Then by the combinatorial restriction,
one can show that M ∈ T (G). Hence I, J,K,L and M are in T (G) and
connected, which implies that Φ(CI) >
1
15 . This yields a contradiction and
proves the corollary.

Moreover, we construct a semiplanar graph G whose induced subgraph
on T (G) has 12 connected components, see Figure 31. Based on this, we
propose the following conjecture.
Conjecture 5.2. Let G = (V,E, F ) be a semiplanar graph with nonnegative
curvature. The number of connected components of the induced subgraph of
T (G) is at most 12.
5.2. Semiplanar graphs with boundary. In this section, we study the
total curvature for semiplanar graphs with boundary. Let (V,E) be a
graph topologically embedded into a surface S with boundary. We call
G = (V,E, F ) the semiplanar graph with boundary, where F is the set
of faces induced by the embedding. Here we consider semiplanar graphs
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Figure 31. The induced subgraph on T (G) of a graph G in
PC≥0 has 12 connected components.
which satisfy tessellation properties, i.e. (i), (iii) in the introduction, and
the condition (ii) replaced by the following
(ii’) The boundary of S, denoted by ∂S, consists of edges of the graph.
Each edge in the graph, by removing two end-vertices, is contained
either in ∂S or in the interior of S, denoted by int(S). It is incident
to one face in the first case and to two different faces in the second.
Moreover, we always assume that 2 ≤ deg(x) < ∞ for any x ∈ V ∩ ∂S,
3 ≤ deg(x) < ∞ for any x ∈ V ∩ int(S), and 3 ≤ deg(σ) < ∞, for σ ∈ F.
Let S(G) denote the polygonal surface for a semiplanar graph G embedded
into S with boundary. We define the combinatorial curvature as follows:
• For any vertex x ∈ int(S), Φ(x) is defined as in (1).
• For any vertex x on ∂S,
(6) Φ(x) = 1− deg(x)
2
+
∑
σ∈F :x∈σ
1
deg(σ)
.
It is easy to see that for any x ∈ V ∩ ∂S,
(7) Φ(x) =
pi − θx
2pi
,
where θx is the inner angle at x w.r.t. S.
The patterns of a vertex on ∂S with nonnegative curvature are given in
the following proposition.
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Proposition 5.3. Let G be a semiplanar graph with boundary. If a vertex
x ∈ ∂S such that deg(x) ≥ 3 and Φ(x) ≥ 0, then the possible patterns of x
are
(8) (3, 3), (3, 4), (3, 5), (3, 6), (4, 4), (3, 3, 3),
where the corresponding curvatures are
(9)
1
6
,
1
12
,
1
30
, 0, 0, 0.
One can show that a semiplanar graph with boundary G has nonnega-
tive combinatorial curvature if and only if the polygonal surface S(G) has
nonnegative sectional curvature in the sense of Alexandrov, see [BGP92,
BBI01, HJL15]. For a semiplanar graph G with boundary and with non-
negative combinatorial curvature, we consider the doubling constructions
of S(G) and G, see e.g. [Per91]. Let S˜(G) be the double of S(G), that
is, S˜(G) consists of two copies of S(G) glued along the boundary ∂S(G),
which induces the doubling graph of G, denoted by G˜. Note that S˜(G) is
isometric to S(G˜). One can prove that G˜ has nonnegative curvature, which
can be derived from either the definition of the curvature on the bound-
ary (6) or Perelman’s doubling theorem for Alexandrov spaces [Per91], and
Φ(G˜) = 2Φ(G). This yields that G˜ is a planar graph with nonnegative com-
binatorial curvature if the total curvature of G is positive, which yields that
S(G) is homeomorphic to a half-plane with boundary. For our purposes,
we always assume that S is homeomorphic to a half-plane with boundary.
Note that the double graph G˜ may have vertices of degree two if G has some
vertices of degree two on ∂S. In the following lemma, we deal with the case
that there is a vertex on the boundary of degree two.
Lemma 5.4 (Lemma 5.2 in [HS17]). Let G be an infinite semiplanar graph
with boundary and with nonnegative curvature, and x be a vertex on ∂S with
deg(x) = 2. Then the face, which x is incident to, is of degree at most 6 and
Φ(x) ≥ 1
6
.
By Theorem 1.3 and Theorem 1.2, we prove that the first gap of the
total curvature of semiplanar graphs with boundary and with nonnegative
curvature is 112 .
Corollary 5.5. Let G be an infinite semiplanar graph with boundary and
with nonnegative curvature. Then the total curvature of G is at least 112 if
it is positive. Moreover, there is a semiplanar graph with boundary and with
nonnegative curvature whose total curvature is 112 .
Proof. On one hand, we prove that Φ(G) ≥ 112 if Φ(G) > 0. By Lemma 5.4,
it suffices to consider that deg(x) ≥ 3, for all x ∈ V. Otherwise, we already
have Φ(G) ≥ 16 .
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Figure 32. A graph with boundary and with total curvature 112 .
Consider the doubling constructions of S(G) and G, S˜(G) and G˜. Note
that Φ(G) = 12Φ(G˜) and G˜ is an infinite planar graph with nonnegative
curvature since Φ(G) > 0. By Theorem 1.2, the possible values of total
curvature of G˜ are { i12 |i ∈ Z, 0 ≤ i ≤ 12}. We only need to exclude the case
of Φ(G˜) = 112 .
Suppose that Φ(G˜) = 112 , then by the rigidity part of Theorem 1.3, we
have two cases as follows:
(1) S(G˜) is isometric to a cone with the apex angle θ = 2 arcsin 1112 .
In this case, there is only one vertex x ∈ G˜ with non-vanishing
curvature 112 . By the symmetry, x ∈ ∂S and Φ(x) = 124 in G. This
is impossible by (9) in Proposition 5.3.
(2) S(G˜) is isometric to a “frustum” with a hendecagon base. In this
case, there exist eleven vertices on a hendecagon with the curvature
1
132 . These vertices cannot appear on ∂S by (9) in Proposition 5.3.
Hence they are contained in int(S), i.e. on one side of S˜(G), which
yields Φ(G) ≥ 112 and Φ(G˜) ≥ 16 . This is a contradiction.
So that Φ(G˜) > 112 which implies Φ(G˜) ≥ 212 . Hence Φ(G) = 12Φ(G˜) ≥ 112 .
On the other hand, we may construct a graph G with boundary and total
curvature 112 , see Figure 32. 
The classification of the graph/tessellation structures of semiplanar graphs
with boundary and with nonnegative curvature whose total curvatures at-
tain the first gap of the total curvature was obtained in [HS17].
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